
Double Beta Decay   
and the Challenges it Poses for Nuclear Physics

•  neutrino masses, lepton number, and double beta decay 

•  our workshop: can we find a way to do controlled nuclear 
   physics (including for double beta decay)?
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□ 1934:  Fermi’s incorporation of both in his
             “effective theory” of β decay

□ 1935:  M. Goppert-Mayer describes 
             “double β disintegration”
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□ 1934:  Fermi’s incorporation of both in his
             “effective theory” of β decay

□ 1935:  M. Goppert-Mayer describes 
             “double β disintegration”

•  1937:  Majorana suggests that 
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In the same year Giulio Racah pointed out that Majorana’s new theory 
would lead to a second form of ββ decay -- a neutrinoless type 
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a “thought” experiment: 

e+ e��e �e

Can we do experiments to distinguish between the two kinds of neutrinos? 
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adding helicity labels

The problem with this argument is PNC: the neutrino helicity

⌫LH
e ⌫LH

ee+ e�



e� ⌫RH
e ⌫RH

e
e+

so no need to add any addition quantum number to account for
observations

massless Dirac or Majorana neutrinos perform exactly as required        
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Nuclear physics is a 
“filter” to isolate 

ββ decay

nuclear physics allows us to study these rare, 2nd order weak processes 
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spectrum of summed 
energy for the two 
outgoing electrons:

with good detector energy 
resolution, the 0ν and 2ν 
modes can be separated

2ν

0ν

resolution

The two ββ decay modes 
can be distinguished in 
experiments



2     ββ decay occurs regardless of whether 

    

             lepton-number conserving

what about neutrinoless ββ decay?                                                                                              

(N,Z) ! (N � 1, Z + 1) + e� + ⌫̄e

(N � 1, Z + 1) ! (N � 2, Z + 2) + e� + ⌫̄e )

(N,Z) ! (N � 2, Z + 2) + 2e� + 2⌫̄e

⌫ ⌫ = ⌫̄, ⌫ ? ⌫̄



Forbidden if the neutrino is Dirac

(which we concluded from our “thought” experiment showing           )

Definitive it seems….  but in 1957 we discovered that weak 
interactions violated parity maximally

There is ANOTHER selection rule forbidding ββ decay - helicity
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Forbidden for massless neutrinos that are purely handed 

The good news:  the interesting possibility that neutrinos are Dirac, 
Majorana, or both is in fact completely open

The bad news: we can’t use 0ν ββ decay to decide this issue  
because helicity forbids the process, regardless
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neutrino mass restores      decay as a definitive test of lepton number 
violation, though with a rate suppressed by (mν/Eν)2  where Eν ∼ 1/Rnuclear

That is, if the mass is a Majorana mass, both selection rules forbidding this 
process are defeated.  But if Dirac, one remains.
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But now that we know neutrinos are massive:

��

If neutrinos have mass, helicity is not a particle label: 
it can be reversed by jumping to a moving frame
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Dirac:

boosts

CPTCPT

νLH νLH νRHνRH

We have been discussing two limits for describing massive neutrinos
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Let’s see the mass consequences:  start with the Dirac eq., project out 

Allow for multiple flavors and flavor mixing

Gives a 4n by 4n matrix, n the number of generations
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The Majorana mass terms complete this matrix
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The Majorana mass terms complete this matrix

                                                     

The SM:    1) has no RHed  ν  fields                   ⇒   no Dirac masses
                  2) renormalizable                              ⇒   no Majorana masses

so massless SM neutrinos              
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The Majorana mass terms complete this matrix

                                                     

But      1) might anticipate MD ∼ other SM Dirac masses
            2) know ML << MD  (no ββ decay),  reasonably  MR >> MD

so with these assumptions can diagonalize this matrix             
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The Majorana mass terms complete this matrix

                                                     

    

                                                                                                   seesaw

     SM fermion mass scale          needed “small parameter” specific to νs
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Missing solar neutrinos were 
traced to the phenomenon of 

neutrino oscillations: 
Neutrinos spontaneous change 
from one type (electron) to 
another (muon) before they 

arrive on earth.

This phenomenon requires 
neutrinos to have a mass,

though our “standard model” of 
particle physics says neutrinos 

must be massless.

The mass requires either the 
existence of new neutrino 
states or new interactions.

p h y s i c s w e b . o r gP H Y S I C S W O R L D M A Y 2 0 0 2 37

rinos. These neutrinos interact with atomic nuclei in the
water to produce electrons, muons or tau leptons that travel
faster than the speed of light in water to produce a shock wave
of light called Cerenkov radiation. This radiation can be
detected by sensitive photomultiplier tubes surrounding the
water tank.

From these signals, the SuperKamiokande team could also
determine the directions from which the neutrinos came.
Since the Earth is essentially transparent to neutrinos, those
produced high in the atmosphere on the opposite side of the
planet can reach the detector without any problems. The
team discovered that about half of the atmospheric neutrinos
from the other side of the Earth were lost, while those from
above were not. The most likely interpretation of this result is
that the muon neutrinos converted or “oscillated” to tau neut-
rinos as they passed through the Earth. SuperKamiokande is
unable to identify tau neutrinos. The particles coming from
the other side of the Earth have more opportunity to oscillate
than those coming from above. Moreover, if neutrinos con-
vert to something else by their own accord, we conclude that
they must be travelling slower than the speed of light and
therefore must have a mass.

SuperKamiokande was also used to monitor solar neut-
rinos. The fusion reactions that take place in the Sun only
produce electron neutrinos, but these can subsequently oscil-
late into both muon and tau neutrinos. Though the experi-
ment was able to detect the solar neutrinos, it was unable 
to distinguish between the different neutrino types. In con-
trast, the Sudbury Neutrino Observatory (SNO) in Canada
can identify the electron neutrinos because it is filled with
“heavy water”, which contains hydrogen nuclei with an extra
neutron. Small numbers of electron neutrinos react with the
heavy-hydrogen nuclei to produce fast electrons that create
Cerenkov radiation (figure 1).

By combining the data from SuperKamiokande and its own
experiment, the SNO collaboration determined how many
muon neutrinos or tau neutrinos were incident at the Japan-
ese detector. The SNO results also provided further evidence
for neutrino mass and confirmed that the total number of
neutrinos from the Sun agreed with theoretical calculations.

The implications of neutrino mass are so great that it is 
not surprising that particle physicists had been searching 
for direct evidence of its existence for over four decades. In
retrospect, it is easy to understand why these searches were
unsuccessful (figure 3). Since neutrinos travel at relativistic
speeds, the effect of their mass is so tiny that it cannot be
determined kinematically. Rather than search for neutrino
mass directly, experiments such as SuperKamiokande and
SNO have searched for effects that depend on the difference in
mass between one type of neutrino and another.

In some respects these experiments are analogous to inter-
ferometers, which are sensitive to tiny differences in frequency
between two interfering waves. Since a quantum particle can
be thought of as a wave with a frequency given by its energy
divided by Planck’s constant, interferometry can detect tiny
mass differences because the energy and frequency of the
particles depend on their mass.

Interferometry works in the case of neutrinos thanks to the
fact that the neutrinos created in nuclear reactions are actu-
ally mixtures of two different “mass eigenstates”. This means,
for example, that electron neutrinos slowly transform into 
tau neutrinos and back again. The amount of this “mixing” is

quantified by a mixing angle, θ. We can only detect interfer-
ence between two eigenstates with small mass differences if
the mixing angle is large enough. Although current experi-
ments have been unable to pin down the mass difference and
mixing angle, they have narrowed down the range of possi-
bilities (figure 4).

Implications of neutrino mass
Now that neutrinos do appear to have mass, we have to solve
two problems. The first is to overcome the contradiction be-
tween left-handedness and mass. The second is to understand
why the neutrino mass is so small compared with other parti-
cle masses – indeed, direct measurements indicate that elec-
trons are at least 500 000 times more massive than neutrinos.
When we thought that neutrinos did not have mass, these
problems were not an issue. But the tiny mass is a puzzle, and
there must be some deep reason why this is the case.

Basically, there are two ways to extend the Standard Model
in order to make neutrinos massive. One approach involves
new particles called Dirac neutrinos, while the other ap-
proach involves a completely different type of particle called
the Majorana neutrino.

The Dirac neutrino is a simple idea with a serious flaw. Ac-
cording to this approach, the reason that right-handed neut-
rinos have escaped detection so far is that their interactions are
at least 26 orders of magnitude weaker than ordinary neut-
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(a) According to the Higgs mechanism in the Standard Model, particles in the
vacuum acquire mass as they collide with the Higgs boson. Photons (γ) are
massless because they do not interact with the Higgs boson. All particles,
including electrons (e), muons (µ) and top quarks (t), change handedness
when they collide with the Higgs boson; left-handed particles become 
right-handed and vice versa. Experiments have shown that neutrinos (ν) are
always left-handed. Since right-handed neutrinos do not exist in the Standard
Model, the theory predicts that neutrinos can never acquire mass. (b) In one
extension to the Standard Model, left- and right-handed neutrinos exist.
These Dirac neutrinos acquire mass via the Higgs mechanism but 
right-handed neutrinos interact much more weakly than any other particles.
(c) According to another extension of the Standard Model, extremely heavy
right-handed neutrinos are created for a brief moment before they collide with
the Higgs boson to produce light left-handed Majorana neutrinos.
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rinos. The idea of the Dirac neutrino works in the sense that
we can generate neutrino masses via the Higgs mechanism
(figure 2b). However, it also suggests that neutrinos should have
similar masses to the other particles in the Standard Model. To
avoid this problem, we have to make the strength of neutrino
interactions with the Higgs boson at least 1012 times weaker
than that of the top quark. Few physicists accept such a tiny
number as a fundamental constant of nature.

An alternative way to make right-handed neutrinos ex-
tremely weakly interacting was proposed in 1998 by Nima
Arkani-Hamed at the Stanford Linear Accelerator Center,
Savas Dimopoulous of Stanford University, Gia Dvali of the
International Centre for Theoretical Physics in Trieste and
John March-Russell of CERN. They exploited an idea from
superstring theory in which the three dimensions of space
with which we are familiar are embedded in 10- or 11-dimen-
sional space–time. Like us, all the particles of the Standard
Model – electrons, quarks, left-handed neutrinos, the Higgs
boson and so on – are stuck on a three-dimensional “sheet”
called a three-brane.

One special property of right-handed neutrinos is that they
do not feel the electromagnetic force, or the strong and weak
forces. Arkani-Hamed and collaborators argued that right-
handed neutrinos are not trapped on the three-brane in the
same way that we are, rather they can move in the extra
dimensions. This mechanism explains why we have never
observed a right-handed neutrino and why their interactions
with other particles in the Standard Model are extremely
weak. The upshot of this approach is that neutrino masses
can be very small.

The second way to extend the Standard Model involves
particles that are called Majorana neutrinos. One advantage
of this approach is that we no longer have to invoke right-
handed neutrinos with extremely weak interactions. How-
ever, we do have to give up the fundamental distinction
between matter and antimatter. Although this sounds bizarre,
neutrinos and antineutrinos can be identical because they
have no electric charge.

Massive neutrinos sit naturally within this framework.
Recall the observer travelling at the speed of light who over-
takes a left-handed neutrino and sees a right-handed neut-
rino. Earlier we argued that the absence of right-handed
neutrinos means that neutrinos are massless. But if neutrinos
and antineutrinos are the same particle, then we can argue
that the observer really sees a right-handed antineutrino and
that the massive-neutrino hypothesis is therefore sound.

So how is neutrino mass generated? In this scheme, it is
possible for right-handed neutrinos to have a mass of their
own without relying on the Higgs boson. Unlike other quarks
and leptons, the mass of the right-handed neutrino, M, is not
tied to the mass scale of the Higgs boson. Rather, it can be
much heavier than other particles.

When a left-handed neutrino collides with the Higgs boson,
it acquires a mass, m, which is comparable to the mass of
other quarks and leptons. At the same time it transforms into
a right-handed neutrino, which is much heavier than energy
conservation would normally allow (figure 2c). However, the
Heisenberg uncertainty principle allows this state to exist for a
short time interval, ∆t, given by ∆t ~ h!/Mc2, after which the
particle transforms back into a left-handed neutrino with
mass m by colliding with the Higgs boson again. Put simply,
we can think of the neutrino as having an average mass of
m2/M over time.

This so-called seesaw mechanism can naturally give rise to
light neutrinos with normal-strength interactions. Normally
we would worry that neutrinos with a mass, m, that is similar
to the masses of quarks and leptons would be too heavy. How-
ever, we can still obtain light neutrinos if M is much larger
than the typical masses of quarks and leptons. Right-handed
neutrinos must therefore be very heavy, as predicted by grand-
unified theories that aim to combine electromagnetism with
the strong and weak interactions.

Current experiments suggest that these forces were unified
when the universe was about 10–32 m across. Due to the un-
certainty principle, the particles that were produced in such
small confines had a high momentum and thus a large mass.
It turns out that the distance scale of unification gives right-
handed neutrinos sufficient mass to produce light neutrinos
via the seesaw mechanism. In this way, the light neutrinos that
we observe in experiments can therefore probe new physics at
extremely short distances. Among the physics that neutrinos
could put on a firm footing is the theory of supersymmetry,
which theorists believe is needed to make unification happen
and to make the Higgs mechanism consistent down to such
short distance scales.

Why do we exist?
Abandoning the fundamental distinction between matter and
antimatter means that the two states can convert to each
other. It may also solve one of the biggest mysteries of our uni-
verse: where has all the antimatter gone? After the Big Bang,
the universe was filled with equal amounts of matter and anti-
matter, which annihilated as the universe cooled. However,
roughly one in every 10 billion particles of matter survived
and went on to create stars, galaxies and life on Earth. What
created this tiny excess of matter over antimatter so that we
can exist?

With Majorana neutrinos it is possible to explain what
caused the excess matter. The hot Big Bang produced heavy
right-handed neutrinos that eventually decayed into their
lighter left-handed counterparts. As the universe cooled, there
was insufficient energy to produce further massive neutrinos.
Being an antiparticle in its own right, these Majorana neut-
rinos decayed into left-handed neutrinos or right-handed
antineutrinos together with Higgs bosons, which underwent
further decays into heavy quarks. Even slight differences in the
probabilities of the decays into matter and antimatter would
have left the universe with an excess of matter.
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rinos. These neutrinos interact with atomic nuclei in the
water to produce electrons, muons or tau leptons that travel
faster than the speed of light in water to produce a shock wave
of light called Cerenkov radiation. This radiation can be
detected by sensitive photomultiplier tubes surrounding the
water tank.

From these signals, the SuperKamiokande team could also
determine the directions from which the neutrinos came.
Since the Earth is essentially transparent to neutrinos, those
produced high in the atmosphere on the opposite side of the
planet can reach the detector without any problems. The
team discovered that about half of the atmospheric neutrinos
from the other side of the Earth were lost, while those from
above were not. The most likely interpretation of this result is
that the muon neutrinos converted or “oscillated” to tau neut-
rinos as they passed through the Earth. SuperKamiokande is
unable to identify tau neutrinos. The particles coming from
the other side of the Earth have more opportunity to oscillate
than those coming from above. Moreover, if neutrinos con-
vert to something else by their own accord, we conclude that
they must be travelling slower than the speed of light and
therefore must have a mass.

SuperKamiokande was also used to monitor solar neut-
rinos. The fusion reactions that take place in the Sun only
produce electron neutrinos, but these can subsequently oscil-
late into both muon and tau neutrinos. Though the experi-
ment was able to detect the solar neutrinos, it was unable 
to distinguish between the different neutrino types. In con-
trast, the Sudbury Neutrino Observatory (SNO) in Canada
can identify the electron neutrinos because it is filled with
“heavy water”, which contains hydrogen nuclei with an extra
neutron. Small numbers of electron neutrinos react with the
heavy-hydrogen nuclei to produce fast electrons that create
Cerenkov radiation (figure 1).

By combining the data from SuperKamiokande and its own
experiment, the SNO collaboration determined how many
muon neutrinos or tau neutrinos were incident at the Japan-
ese detector. The SNO results also provided further evidence
for neutrino mass and confirmed that the total number of
neutrinos from the Sun agreed with theoretical calculations.

The implications of neutrino mass are so great that it is 
not surprising that particle physicists had been searching 
for direct evidence of its existence for over four decades. In
retrospect, it is easy to understand why these searches were
unsuccessful (figure 3). Since neutrinos travel at relativistic
speeds, the effect of their mass is so tiny that it cannot be
determined kinematically. Rather than search for neutrino
mass directly, experiments such as SuperKamiokande and
SNO have searched for effects that depend on the difference in
mass between one type of neutrino and another.

In some respects these experiments are analogous to inter-
ferometers, which are sensitive to tiny differences in frequency
between two interfering waves. Since a quantum particle can
be thought of as a wave with a frequency given by its energy
divided by Planck’s constant, interferometry can detect tiny
mass differences because the energy and frequency of the
particles depend on their mass.

Interferometry works in the case of neutrinos thanks to the
fact that the neutrinos created in nuclear reactions are actu-
ally mixtures of two different “mass eigenstates”. This means,
for example, that electron neutrinos slowly transform into 
tau neutrinos and back again. The amount of this “mixing” is

quantified by a mixing angle, θ. We can only detect interfer-
ence between two eigenstates with small mass differences if
the mixing angle is large enough. Although current experi-
ments have been unable to pin down the mass difference and
mixing angle, they have narrowed down the range of possi-
bilities (figure 4).

Implications of neutrino mass
Now that neutrinos do appear to have mass, we have to solve
two problems. The first is to overcome the contradiction be-
tween left-handedness and mass. The second is to understand
why the neutrino mass is so small compared with other parti-
cle masses – indeed, direct measurements indicate that elec-
trons are at least 500 000 times more massive than neutrinos.
When we thought that neutrinos did not have mass, these
problems were not an issue. But the tiny mass is a puzzle, and
there must be some deep reason why this is the case.

Basically, there are two ways to extend the Standard Model
in order to make neutrinos massive. One approach involves
new particles called Dirac neutrinos, while the other ap-
proach involves a completely different type of particle called
the Majorana neutrino.

The Dirac neutrino is a simple idea with a serious flaw. Ac-
cording to this approach, the reason that right-handed neut-
rinos have escaped detection so far is that their interactions are
at least 26 orders of magnitude weaker than ordinary neut-
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(a) According to the Higgs mechanism in the Standard Model, particles in the
vacuum acquire mass as they collide with the Higgs boson. Photons (γ) are
massless because they do not interact with the Higgs boson. All particles,
including electrons (e), muons (µ) and top quarks (t), change handedness
when they collide with the Higgs boson; left-handed particles become 
right-handed and vice versa. Experiments have shown that neutrinos (ν) are
always left-handed. Since right-handed neutrinos do not exist in the Standard
Model, the theory predicts that neutrinos can never acquire mass. (b) In one
extension to the Standard Model, left- and right-handed neutrinos exist.
These Dirac neutrinos acquire mass via the Higgs mechanism but 
right-handed neutrinos interact much more weakly than any other particles.
(c) According to another extension of the Standard Model, extremely heavy
right-handed neutrinos are created for a brief moment before they collide with
the Higgs boson to produce light left-handed Majorana neutrinos.
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rinos. These neutrinos interact with atomic nuclei in the
water to produce electrons, muons or tau leptons that travel
faster than the speed of light in water to produce a shock wave
of light called Cerenkov radiation. This radiation can be
detected by sensitive photomultiplier tubes surrounding the
water tank.

From these signals, the SuperKamiokande team could also
determine the directions from which the neutrinos came.
Since the Earth is essentially transparent to neutrinos, those
produced high in the atmosphere on the opposite side of the
planet can reach the detector without any problems. The
team discovered that about half of the atmospheric neutrinos
from the other side of the Earth were lost, while those from
above were not. The most likely interpretation of this result is
that the muon neutrinos converted or “oscillated” to tau neut-
rinos as they passed through the Earth. SuperKamiokande is
unable to identify tau neutrinos. The particles coming from
the other side of the Earth have more opportunity to oscillate
than those coming from above. Moreover, if neutrinos con-
vert to something else by their own accord, we conclude that
they must be travelling slower than the speed of light and
therefore must have a mass.

SuperKamiokande was also used to monitor solar neut-
rinos. The fusion reactions that take place in the Sun only
produce electron neutrinos, but these can subsequently oscil-
late into both muon and tau neutrinos. Though the experi-
ment was able to detect the solar neutrinos, it was unable 
to distinguish between the different neutrino types. In con-
trast, the Sudbury Neutrino Observatory (SNO) in Canada
can identify the electron neutrinos because it is filled with
“heavy water”, which contains hydrogen nuclei with an extra
neutron. Small numbers of electron neutrinos react with the
heavy-hydrogen nuclei to produce fast electrons that create
Cerenkov radiation (figure 1).

By combining the data from SuperKamiokande and its own
experiment, the SNO collaboration determined how many
muon neutrinos or tau neutrinos were incident at the Japan-
ese detector. The SNO results also provided further evidence
for neutrino mass and confirmed that the total number of
neutrinos from the Sun agreed with theoretical calculations.

The implications of neutrino mass are so great that it is 
not surprising that particle physicists had been searching 
for direct evidence of its existence for over four decades. In
retrospect, it is easy to understand why these searches were
unsuccessful (figure 3). Since neutrinos travel at relativistic
speeds, the effect of their mass is so tiny that it cannot be
determined kinematically. Rather than search for neutrino
mass directly, experiments such as SuperKamiokande and
SNO have searched for effects that depend on the difference in
mass between one type of neutrino and another.

In some respects these experiments are analogous to inter-
ferometers, which are sensitive to tiny differences in frequency
between two interfering waves. Since a quantum particle can
be thought of as a wave with a frequency given by its energy
divided by Planck’s constant, interferometry can detect tiny
mass differences because the energy and frequency of the
particles depend on their mass.

Interferometry works in the case of neutrinos thanks to the
fact that the neutrinos created in nuclear reactions are actu-
ally mixtures of two different “mass eigenstates”. This means,
for example, that electron neutrinos slowly transform into 
tau neutrinos and back again. The amount of this “mixing” is

quantified by a mixing angle, θ. We can only detect interfer-
ence between two eigenstates with small mass differences if
the mixing angle is large enough. Although current experi-
ments have been unable to pin down the mass difference and
mixing angle, they have narrowed down the range of possi-
bilities (figure 4).

Implications of neutrino mass
Now that neutrinos do appear to have mass, we have to solve
two problems. The first is to overcome the contradiction be-
tween left-handedness and mass. The second is to understand
why the neutrino mass is so small compared with other parti-
cle masses – indeed, direct measurements indicate that elec-
trons are at least 500 000 times more massive than neutrinos.
When we thought that neutrinos did not have mass, these
problems were not an issue. But the tiny mass is a puzzle, and
there must be some deep reason why this is the case.

Basically, there are two ways to extend the Standard Model
in order to make neutrinos massive. One approach involves
new particles called Dirac neutrinos, while the other ap-
proach involves a completely different type of particle called
the Majorana neutrino.

The Dirac neutrino is a simple idea with a serious flaw. Ac-
cording to this approach, the reason that right-handed neut-
rinos have escaped detection so far is that their interactions are
at least 26 orders of magnitude weaker than ordinary neut-
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(a) According to the Higgs mechanism in the Standard Model, particles in the
vacuum acquire mass as they collide with the Higgs boson. Photons (γ) are
massless because they do not interact with the Higgs boson. All particles,
including electrons (e), muons (µ) and top quarks (t), change handedness
when they collide with the Higgs boson; left-handed particles become 
right-handed and vice versa. Experiments have shown that neutrinos (ν) are
always left-handed. Since right-handed neutrinos do not exist in the Standard
Model, the theory predicts that neutrinos can never acquire mass. (b) In one
extension to the Standard Model, left- and right-handed neutrinos exist.
These Dirac neutrinos acquire mass via the Higgs mechanism but 
right-handed neutrinos interact much more weakly than any other particles.
(c) According to another extension of the Standard Model, extremely heavy
right-handed neutrinos are created for a brief moment before they collide with
the Higgs boson to produce light left-handed Majorana neutrinos.
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rinos. The idea of the Dirac neutrino works in the sense that
we can generate neutrino masses via the Higgs mechanism
(figure 2b). However, it also suggests that neutrinos should have
similar masses to the other particles in the Standard Model. To
avoid this problem, we have to make the strength of neutrino
interactions with the Higgs boson at least 1012 times weaker
than that of the top quark. Few physicists accept such a tiny
number as a fundamental constant of nature.

An alternative way to make right-handed neutrinos ex-
tremely weakly interacting was proposed in 1998 by Nima
Arkani-Hamed at the Stanford Linear Accelerator Center,
Savas Dimopoulous of Stanford University, Gia Dvali of the
International Centre for Theoretical Physics in Trieste and
John March-Russell of CERN. They exploited an idea from
superstring theory in which the three dimensions of space
with which we are familiar are embedded in 10- or 11-dimen-
sional space–time. Like us, all the particles of the Standard
Model – electrons, quarks, left-handed neutrinos, the Higgs
boson and so on – are stuck on a three-dimensional “sheet”
called a three-brane.

One special property of right-handed neutrinos is that they
do not feel the electromagnetic force, or the strong and weak
forces. Arkani-Hamed and collaborators argued that right-
handed neutrinos are not trapped on the three-brane in the
same way that we are, rather they can move in the extra
dimensions. This mechanism explains why we have never
observed a right-handed neutrino and why their interactions
with other particles in the Standard Model are extremely
weak. The upshot of this approach is that neutrino masses
can be very small.

The second way to extend the Standard Model involves
particles that are called Majorana neutrinos. One advantage
of this approach is that we no longer have to invoke right-
handed neutrinos with extremely weak interactions. How-
ever, we do have to give up the fundamental distinction
between matter and antimatter. Although this sounds bizarre,
neutrinos and antineutrinos can be identical because they
have no electric charge.

Massive neutrinos sit naturally within this framework.
Recall the observer travelling at the speed of light who over-
takes a left-handed neutrino and sees a right-handed neut-
rino. Earlier we argued that the absence of right-handed
neutrinos means that neutrinos are massless. But if neutrinos
and antineutrinos are the same particle, then we can argue
that the observer really sees a right-handed antineutrino and
that the massive-neutrino hypothesis is therefore sound.

So how is neutrino mass generated? In this scheme, it is
possible for right-handed neutrinos to have a mass of their
own without relying on the Higgs boson. Unlike other quarks
and leptons, the mass of the right-handed neutrino, M, is not
tied to the mass scale of the Higgs boson. Rather, it can be
much heavier than other particles.

When a left-handed neutrino collides with the Higgs boson,
it acquires a mass, m, which is comparable to the mass of
other quarks and leptons. At the same time it transforms into
a right-handed neutrino, which is much heavier than energy
conservation would normally allow (figure 2c). However, the
Heisenberg uncertainty principle allows this state to exist for a
short time interval, ∆t, given by ∆t ~ h!/Mc2, after which the
particle transforms back into a left-handed neutrino with
mass m by colliding with the Higgs boson again. Put simply,
we can think of the neutrino as having an average mass of
m2/M over time.

This so-called seesaw mechanism can naturally give rise to
light neutrinos with normal-strength interactions. Normally
we would worry that neutrinos with a mass, m, that is similar
to the masses of quarks and leptons would be too heavy. How-
ever, we can still obtain light neutrinos if M is much larger
than the typical masses of quarks and leptons. Right-handed
neutrinos must therefore be very heavy, as predicted by grand-
unified theories that aim to combine electromagnetism with
the strong and weak interactions.

Current experiments suggest that these forces were unified
when the universe was about 10–32 m across. Due to the un-
certainty principle, the particles that were produced in such
small confines had a high momentum and thus a large mass.
It turns out that the distance scale of unification gives right-
handed neutrinos sufficient mass to produce light neutrinos
via the seesaw mechanism. In this way, the light neutrinos that
we observe in experiments can therefore probe new physics at
extremely short distances. Among the physics that neutrinos
could put on a firm footing is the theory of supersymmetry,
which theorists believe is needed to make unification happen
and to make the Higgs mechanism consistent down to such
short distance scales.

Why do we exist?
Abandoning the fundamental distinction between matter and
antimatter means that the two states can convert to each
other. It may also solve one of the biggest mysteries of our uni-
verse: where has all the antimatter gone? After the Big Bang,
the universe was filled with equal amounts of matter and anti-
matter, which annihilated as the universe cooled. However,
roughly one in every 10 billion particles of matter survived
and went on to create stars, galaxies and life on Earth. What
created this tiny excess of matter over antimatter so that we
can exist?

With Majorana neutrinos it is possible to explain what
caused the excess matter. The hot Big Bang produced heavy
right-handed neutrinos that eventually decayed into their
lighter left-handed counterparts. As the universe cooled, there
was insufficient energy to produce further massive neutrinos.
Being an antiparticle in its own right, these Majorana neut-
rinos decayed into left-handed neutrinos or right-handed
antineutrinos together with Higgs bosons, which underwent
further decays into heavy quarks. Even slight differences in the
probabilities of the decays into matter and antimatter would
have left the universe with an excess of matter.

3 Fermions weigh in

ν2ν1 ν3

d s b

u c t

e µ τ

meVµeV eV keV MeV GeV TeV

fermion masses

A comparison of the masses of all the fundamental fermions, particles with
spin h!/2. Other than the neutrino, the lightest fermion is the electron, with a
mass of 0.5 MeV c–2. Neutrino-oscillation experiments do not measure the
mass of neutrinos directly, rather the mass difference between the different
types of neutrino. But by assuming that neutrino masses are similar to this
mass difference, we can place upper limits on the mass of a few hundred
millielectron-volts.

Murayama’s ν mass cartoon

standard model fermion masses

light Dirac neutrino mass

standard model ν and mass=0



Missing solar neutrinos were 
traced to the phenomenon of 

neutrino oscillations: 
Neutrinos spontaneous change 
from one type (electron) to 
another (muon) before they 

arrive on earth.

This phenomenon requires 
neutrinos to have a mass,

though our “standard model” of 
particle physics says neutrinos 

must be massless.

The mass requires either the 
existence of new neutrino 
states or new interactions.

p h y s i c s w e b . o r gP H Y S I C S W O R L D M A Y 2 0 0 2 37

rinos. These neutrinos interact with atomic nuclei in the
water to produce electrons, muons or tau leptons that travel
faster than the speed of light in water to produce a shock wave
of light called Cerenkov radiation. This radiation can be
detected by sensitive photomultiplier tubes surrounding the
water tank.

From these signals, the SuperKamiokande team could also
determine the directions from which the neutrinos came.
Since the Earth is essentially transparent to neutrinos, those
produced high in the atmosphere on the opposite side of the
planet can reach the detector without any problems. The
team discovered that about half of the atmospheric neutrinos
from the other side of the Earth were lost, while those from
above were not. The most likely interpretation of this result is
that the muon neutrinos converted or “oscillated” to tau neut-
rinos as they passed through the Earth. SuperKamiokande is
unable to identify tau neutrinos. The particles coming from
the other side of the Earth have more opportunity to oscillate
than those coming from above. Moreover, if neutrinos con-
vert to something else by their own accord, we conclude that
they must be travelling slower than the speed of light and
therefore must have a mass.

SuperKamiokande was also used to monitor solar neut-
rinos. The fusion reactions that take place in the Sun only
produce electron neutrinos, but these can subsequently oscil-
late into both muon and tau neutrinos. Though the experi-
ment was able to detect the solar neutrinos, it was unable 
to distinguish between the different neutrino types. In con-
trast, the Sudbury Neutrino Observatory (SNO) in Canada
can identify the electron neutrinos because it is filled with
“heavy water”, which contains hydrogen nuclei with an extra
neutron. Small numbers of electron neutrinos react with the
heavy-hydrogen nuclei to produce fast electrons that create
Cerenkov radiation (figure 1).

By combining the data from SuperKamiokande and its own
experiment, the SNO collaboration determined how many
muon neutrinos or tau neutrinos were incident at the Japan-
ese detector. The SNO results also provided further evidence
for neutrino mass and confirmed that the total number of
neutrinos from the Sun agreed with theoretical calculations.

The implications of neutrino mass are so great that it is 
not surprising that particle physicists had been searching 
for direct evidence of its existence for over four decades. In
retrospect, it is easy to understand why these searches were
unsuccessful (figure 3). Since neutrinos travel at relativistic
speeds, the effect of their mass is so tiny that it cannot be
determined kinematically. Rather than search for neutrino
mass directly, experiments such as SuperKamiokande and
SNO have searched for effects that depend on the difference in
mass between one type of neutrino and another.

In some respects these experiments are analogous to inter-
ferometers, which are sensitive to tiny differences in frequency
between two interfering waves. Since a quantum particle can
be thought of as a wave with a frequency given by its energy
divided by Planck’s constant, interferometry can detect tiny
mass differences because the energy and frequency of the
particles depend on their mass.

Interferometry works in the case of neutrinos thanks to the
fact that the neutrinos created in nuclear reactions are actu-
ally mixtures of two different “mass eigenstates”. This means,
for example, that electron neutrinos slowly transform into 
tau neutrinos and back again. The amount of this “mixing” is

quantified by a mixing angle, θ. We can only detect interfer-
ence between two eigenstates with small mass differences if
the mixing angle is large enough. Although current experi-
ments have been unable to pin down the mass difference and
mixing angle, they have narrowed down the range of possi-
bilities (figure 4).

Implications of neutrino mass
Now that neutrinos do appear to have mass, we have to solve
two problems. The first is to overcome the contradiction be-
tween left-handedness and mass. The second is to understand
why the neutrino mass is so small compared with other parti-
cle masses – indeed, direct measurements indicate that elec-
trons are at least 500 000 times more massive than neutrinos.
When we thought that neutrinos did not have mass, these
problems were not an issue. But the tiny mass is a puzzle, and
there must be some deep reason why this is the case.

Basically, there are two ways to extend the Standard Model
in order to make neutrinos massive. One approach involves
new particles called Dirac neutrinos, while the other ap-
proach involves a completely different type of particle called
the Majorana neutrino.

The Dirac neutrino is a simple idea with a serious flaw. Ac-
cording to this approach, the reason that right-handed neut-
rinos have escaped detection so far is that their interactions are
at least 26 orders of magnitude weaker than ordinary neut-
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(a) According to the Higgs mechanism in the Standard Model, particles in the
vacuum acquire mass as they collide with the Higgs boson. Photons (γ) are
massless because they do not interact with the Higgs boson. All particles,
including electrons (e), muons (µ) and top quarks (t), change handedness
when they collide with the Higgs boson; left-handed particles become 
right-handed and vice versa. Experiments have shown that neutrinos (ν) are
always left-handed. Since right-handed neutrinos do not exist in the Standard
Model, the theory predicts that neutrinos can never acquire mass. (b) In one
extension to the Standard Model, left- and right-handed neutrinos exist.
These Dirac neutrinos acquire mass via the Higgs mechanism but 
right-handed neutrinos interact much more weakly than any other particles.
(c) According to another extension of the Standard Model, extremely heavy
right-handed neutrinos are created for a brief moment before they collide with
the Higgs boson to produce light left-handed Majorana neutrinos.
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rinos. These neutrinos interact with atomic nuclei in the
water to produce electrons, muons or tau leptons that travel
faster than the speed of light in water to produce a shock wave
of light called Cerenkov radiation. This radiation can be
detected by sensitive photomultiplier tubes surrounding the
water tank.

From these signals, the SuperKamiokande team could also
determine the directions from which the neutrinos came.
Since the Earth is essentially transparent to neutrinos, those
produced high in the atmosphere on the opposite side of the
planet can reach the detector without any problems. The
team discovered that about half of the atmospheric neutrinos
from the other side of the Earth were lost, while those from
above were not. The most likely interpretation of this result is
that the muon neutrinos converted or “oscillated” to tau neut-
rinos as they passed through the Earth. SuperKamiokande is
unable to identify tau neutrinos. The particles coming from
the other side of the Earth have more opportunity to oscillate
than those coming from above. Moreover, if neutrinos con-
vert to something else by their own accord, we conclude that
they must be travelling slower than the speed of light and
therefore must have a mass.

SuperKamiokande was also used to monitor solar neut-
rinos. The fusion reactions that take place in the Sun only
produce electron neutrinos, but these can subsequently oscil-
late into both muon and tau neutrinos. Though the experi-
ment was able to detect the solar neutrinos, it was unable 
to distinguish between the different neutrino types. In con-
trast, the Sudbury Neutrino Observatory (SNO) in Canada
can identify the electron neutrinos because it is filled with
“heavy water”, which contains hydrogen nuclei with an extra
neutron. Small numbers of electron neutrinos react with the
heavy-hydrogen nuclei to produce fast electrons that create
Cerenkov radiation (figure 1).

By combining the data from SuperKamiokande and its own
experiment, the SNO collaboration determined how many
muon neutrinos or tau neutrinos were incident at the Japan-
ese detector. The SNO results also provided further evidence
for neutrino mass and confirmed that the total number of
neutrinos from the Sun agreed with theoretical calculations.

The implications of neutrino mass are so great that it is 
not surprising that particle physicists had been searching 
for direct evidence of its existence for over four decades. In
retrospect, it is easy to understand why these searches were
unsuccessful (figure 3). Since neutrinos travel at relativistic
speeds, the effect of their mass is so tiny that it cannot be
determined kinematically. Rather than search for neutrino
mass directly, experiments such as SuperKamiokande and
SNO have searched for effects that depend on the difference in
mass between one type of neutrino and another.

In some respects these experiments are analogous to inter-
ferometers, which are sensitive to tiny differences in frequency
between two interfering waves. Since a quantum particle can
be thought of as a wave with a frequency given by its energy
divided by Planck’s constant, interferometry can detect tiny
mass differences because the energy and frequency of the
particles depend on their mass.

Interferometry works in the case of neutrinos thanks to the
fact that the neutrinos created in nuclear reactions are actu-
ally mixtures of two different “mass eigenstates”. This means,
for example, that electron neutrinos slowly transform into 
tau neutrinos and back again. The amount of this “mixing” is

quantified by a mixing angle, θ. We can only detect interfer-
ence between two eigenstates with small mass differences if
the mixing angle is large enough. Although current experi-
ments have been unable to pin down the mass difference and
mixing angle, they have narrowed down the range of possi-
bilities (figure 4).

Implications of neutrino mass
Now that neutrinos do appear to have mass, we have to solve
two problems. The first is to overcome the contradiction be-
tween left-handedness and mass. The second is to understand
why the neutrino mass is so small compared with other parti-
cle masses – indeed, direct measurements indicate that elec-
trons are at least 500 000 times more massive than neutrinos.
When we thought that neutrinos did not have mass, these
problems were not an issue. But the tiny mass is a puzzle, and
there must be some deep reason why this is the case.

Basically, there are two ways to extend the Standard Model
in order to make neutrinos massive. One approach involves
new particles called Dirac neutrinos, while the other ap-
proach involves a completely different type of particle called
the Majorana neutrino.

The Dirac neutrino is a simple idea with a serious flaw. Ac-
cording to this approach, the reason that right-handed neut-
rinos have escaped detection so far is that their interactions are
at least 26 orders of magnitude weaker than ordinary neut-
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(a) According to the Higgs mechanism in the Standard Model, particles in the
vacuum acquire mass as they collide with the Higgs boson. Photons (γ) are
massless because they do not interact with the Higgs boson. All particles,
including electrons (e), muons (µ) and top quarks (t), change handedness
when they collide with the Higgs boson; left-handed particles become 
right-handed and vice versa. Experiments have shown that neutrinos (ν) are
always left-handed. Since right-handed neutrinos do not exist in the Standard
Model, the theory predicts that neutrinos can never acquire mass. (b) In one
extension to the Standard Model, left- and right-handed neutrinos exist.
These Dirac neutrinos acquire mass via the Higgs mechanism but 
right-handed neutrinos interact much more weakly than any other particles.
(c) According to another extension of the Standard Model, extremely heavy
right-handed neutrinos are created for a brief moment before they collide with
the Higgs boson to produce light left-handed Majorana neutrinos.
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rinos. The idea of the Dirac neutrino works in the sense that
we can generate neutrino masses via the Higgs mechanism
(figure 2b). However, it also suggests that neutrinos should have
similar masses to the other particles in the Standard Model. To
avoid this problem, we have to make the strength of neutrino
interactions with the Higgs boson at least 1012 times weaker
than that of the top quark. Few physicists accept such a tiny
number as a fundamental constant of nature.

An alternative way to make right-handed neutrinos ex-
tremely weakly interacting was proposed in 1998 by Nima
Arkani-Hamed at the Stanford Linear Accelerator Center,
Savas Dimopoulous of Stanford University, Gia Dvali of the
International Centre for Theoretical Physics in Trieste and
John March-Russell of CERN. They exploited an idea from
superstring theory in which the three dimensions of space
with which we are familiar are embedded in 10- or 11-dimen-
sional space–time. Like us, all the particles of the Standard
Model – electrons, quarks, left-handed neutrinos, the Higgs
boson and so on – are stuck on a three-dimensional “sheet”
called a three-brane.

One special property of right-handed neutrinos is that they
do not feel the electromagnetic force, or the strong and weak
forces. Arkani-Hamed and collaborators argued that right-
handed neutrinos are not trapped on the three-brane in the
same way that we are, rather they can move in the extra
dimensions. This mechanism explains why we have never
observed a right-handed neutrino and why their interactions
with other particles in the Standard Model are extremely
weak. The upshot of this approach is that neutrino masses
can be very small.

The second way to extend the Standard Model involves
particles that are called Majorana neutrinos. One advantage
of this approach is that we no longer have to invoke right-
handed neutrinos with extremely weak interactions. How-
ever, we do have to give up the fundamental distinction
between matter and antimatter. Although this sounds bizarre,
neutrinos and antineutrinos can be identical because they
have no electric charge.

Massive neutrinos sit naturally within this framework.
Recall the observer travelling at the speed of light who over-
takes a left-handed neutrino and sees a right-handed neut-
rino. Earlier we argued that the absence of right-handed
neutrinos means that neutrinos are massless. But if neutrinos
and antineutrinos are the same particle, then we can argue
that the observer really sees a right-handed antineutrino and
that the massive-neutrino hypothesis is therefore sound.

So how is neutrino mass generated? In this scheme, it is
possible for right-handed neutrinos to have a mass of their
own without relying on the Higgs boson. Unlike other quarks
and leptons, the mass of the right-handed neutrino, M, is not
tied to the mass scale of the Higgs boson. Rather, it can be
much heavier than other particles.

When a left-handed neutrino collides with the Higgs boson,
it acquires a mass, m, which is comparable to the mass of
other quarks and leptons. At the same time it transforms into
a right-handed neutrino, which is much heavier than energy
conservation would normally allow (figure 2c). However, the
Heisenberg uncertainty principle allows this state to exist for a
short time interval, ∆t, given by ∆t ~ h!/Mc2, after which the
particle transforms back into a left-handed neutrino with
mass m by colliding with the Higgs boson again. Put simply,
we can think of the neutrino as having an average mass of
m2/M over time.

This so-called seesaw mechanism can naturally give rise to
light neutrinos with normal-strength interactions. Normally
we would worry that neutrinos with a mass, m, that is similar
to the masses of quarks and leptons would be too heavy. How-
ever, we can still obtain light neutrinos if M is much larger
than the typical masses of quarks and leptons. Right-handed
neutrinos must therefore be very heavy, as predicted by grand-
unified theories that aim to combine electromagnetism with
the strong and weak interactions.

Current experiments suggest that these forces were unified
when the universe was about 10–32 m across. Due to the un-
certainty principle, the particles that were produced in such
small confines had a high momentum and thus a large mass.
It turns out that the distance scale of unification gives right-
handed neutrinos sufficient mass to produce light neutrinos
via the seesaw mechanism. In this way, the light neutrinos that
we observe in experiments can therefore probe new physics at
extremely short distances. Among the physics that neutrinos
could put on a firm footing is the theory of supersymmetry,
which theorists believe is needed to make unification happen
and to make the Higgs mechanism consistent down to such
short distance scales.

Why do we exist?
Abandoning the fundamental distinction between matter and
antimatter means that the two states can convert to each
other. It may also solve one of the biggest mysteries of our uni-
verse: where has all the antimatter gone? After the Big Bang,
the universe was filled with equal amounts of matter and anti-
matter, which annihilated as the universe cooled. However,
roughly one in every 10 billion particles of matter survived
and went on to create stars, galaxies and life on Earth. What
created this tiny excess of matter over antimatter so that we
can exist?

With Majorana neutrinos it is possible to explain what
caused the excess matter. The hot Big Bang produced heavy
right-handed neutrinos that eventually decayed into their
lighter left-handed counterparts. As the universe cooled, there
was insufficient energy to produce further massive neutrinos.
Being an antiparticle in its own right, these Majorana neut-
rinos decayed into left-handed neutrinos or right-handed
antineutrinos together with Higgs bosons, which underwent
further decays into heavy quarks. Even slight differences in the
probabilities of the decays into matter and antimatter would
have left the universe with an excess of matter.
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rinos. These neutrinos interact with atomic nuclei in the
water to produce electrons, muons or tau leptons that travel
faster than the speed of light in water to produce a shock wave
of light called Cerenkov radiation. This radiation can be
detected by sensitive photomultiplier tubes surrounding the
water tank.

From these signals, the SuperKamiokande team could also
determine the directions from which the neutrinos came.
Since the Earth is essentially transparent to neutrinos, those
produced high in the atmosphere on the opposite side of the
planet can reach the detector without any problems. The
team discovered that about half of the atmospheric neutrinos
from the other side of the Earth were lost, while those from
above were not. The most likely interpretation of this result is
that the muon neutrinos converted or “oscillated” to tau neut-
rinos as they passed through the Earth. SuperKamiokande is
unable to identify tau neutrinos. The particles coming from
the other side of the Earth have more opportunity to oscillate
than those coming from above. Moreover, if neutrinos con-
vert to something else by their own accord, we conclude that
they must be travelling slower than the speed of light and
therefore must have a mass.

SuperKamiokande was also used to monitor solar neut-
rinos. The fusion reactions that take place in the Sun only
produce electron neutrinos, but these can subsequently oscil-
late into both muon and tau neutrinos. Though the experi-
ment was able to detect the solar neutrinos, it was unable 
to distinguish between the different neutrino types. In con-
trast, the Sudbury Neutrino Observatory (SNO) in Canada
can identify the electron neutrinos because it is filled with
“heavy water”, which contains hydrogen nuclei with an extra
neutron. Small numbers of electron neutrinos react with the
heavy-hydrogen nuclei to produce fast electrons that create
Cerenkov radiation (figure 1).

By combining the data from SuperKamiokande and its own
experiment, the SNO collaboration determined how many
muon neutrinos or tau neutrinos were incident at the Japan-
ese detector. The SNO results also provided further evidence
for neutrino mass and confirmed that the total number of
neutrinos from the Sun agreed with theoretical calculations.

The implications of neutrino mass are so great that it is 
not surprising that particle physicists had been searching 
for direct evidence of its existence for over four decades. In
retrospect, it is easy to understand why these searches were
unsuccessful (figure 3). Since neutrinos travel at relativistic
speeds, the effect of their mass is so tiny that it cannot be
determined kinematically. Rather than search for neutrino
mass directly, experiments such as SuperKamiokande and
SNO have searched for effects that depend on the difference in
mass between one type of neutrino and another.

In some respects these experiments are analogous to inter-
ferometers, which are sensitive to tiny differences in frequency
between two interfering waves. Since a quantum particle can
be thought of as a wave with a frequency given by its energy
divided by Planck’s constant, interferometry can detect tiny
mass differences because the energy and frequency of the
particles depend on their mass.

Interferometry works in the case of neutrinos thanks to the
fact that the neutrinos created in nuclear reactions are actu-
ally mixtures of two different “mass eigenstates”. This means,
for example, that electron neutrinos slowly transform into 
tau neutrinos and back again. The amount of this “mixing” is

quantified by a mixing angle, θ. We can only detect interfer-
ence between two eigenstates with small mass differences if
the mixing angle is large enough. Although current experi-
ments have been unable to pin down the mass difference and
mixing angle, they have narrowed down the range of possi-
bilities (figure 4).

Implications of neutrino mass
Now that neutrinos do appear to have mass, we have to solve
two problems. The first is to overcome the contradiction be-
tween left-handedness and mass. The second is to understand
why the neutrino mass is so small compared with other parti-
cle masses – indeed, direct measurements indicate that elec-
trons are at least 500 000 times more massive than neutrinos.
When we thought that neutrinos did not have mass, these
problems were not an issue. But the tiny mass is a puzzle, and
there must be some deep reason why this is the case.

Basically, there are two ways to extend the Standard Model
in order to make neutrinos massive. One approach involves
new particles called Dirac neutrinos, while the other ap-
proach involves a completely different type of particle called
the Majorana neutrino.

The Dirac neutrino is a simple idea with a serious flaw. Ac-
cording to this approach, the reason that right-handed neut-
rinos have escaped detection so far is that their interactions are
at least 26 orders of magnitude weaker than ordinary neut-

2 Neutrinos meet the Higgs boson

µ

e

γ

t

ν
νL

× ××
× ××
×

tR

tL

tR

tL

µL

µR

µL
µR×

×
×

× ×

×

µR

µL

×
×

×
eL

eR eL

eR

×
×

××

ν

ν

νL νR νL

νL
νL

1/M

(a) According to the Higgs mechanism in the Standard Model, particles in the
vacuum acquire mass as they collide with the Higgs boson. Photons (γ) are
massless because they do not interact with the Higgs boson. All particles,
including electrons (e), muons (µ) and top quarks (t), change handedness
when they collide with the Higgs boson; left-handed particles become 
right-handed and vice versa. Experiments have shown that neutrinos (ν) are
always left-handed. Since right-handed neutrinos do not exist in the Standard
Model, the theory predicts that neutrinos can never acquire mass. (b) In one
extension to the Standard Model, left- and right-handed neutrinos exist.
These Dirac neutrinos acquire mass via the Higgs mechanism but 
right-handed neutrinos interact much more weakly than any other particles.
(c) According to another extension of the Standard Model, extremely heavy
right-handed neutrinos are created for a brief moment before they collide with
the Higgs boson to produce light left-handed Majorana neutrinos.
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rinos. These neutrinos interact with atomic nuclei in the
water to produce electrons, muons or tau leptons that travel
faster than the speed of light in water to produce a shock wave
of light called Cerenkov radiation. This radiation can be
detected by sensitive photomultiplier tubes surrounding the
water tank.

From these signals, the SuperKamiokande team could also
determine the directions from which the neutrinos came.
Since the Earth is essentially transparent to neutrinos, those
produced high in the atmosphere on the opposite side of the
planet can reach the detector without any problems. The
team discovered that about half of the atmospheric neutrinos
from the other side of the Earth were lost, while those from
above were not. The most likely interpretation of this result is
that the muon neutrinos converted or “oscillated” to tau neut-
rinos as they passed through the Earth. SuperKamiokande is
unable to identify tau neutrinos. The particles coming from
the other side of the Earth have more opportunity to oscillate
than those coming from above. Moreover, if neutrinos con-
vert to something else by their own accord, we conclude that
they must be travelling slower than the speed of light and
therefore must have a mass.

SuperKamiokande was also used to monitor solar neut-
rinos. The fusion reactions that take place in the Sun only
produce electron neutrinos, but these can subsequently oscil-
late into both muon and tau neutrinos. Though the experi-
ment was able to detect the solar neutrinos, it was unable 
to distinguish between the different neutrino types. In con-
trast, the Sudbury Neutrino Observatory (SNO) in Canada
can identify the electron neutrinos because it is filled with
“heavy water”, which contains hydrogen nuclei with an extra
neutron. Small numbers of electron neutrinos react with the
heavy-hydrogen nuclei to produce fast electrons that create
Cerenkov radiation (figure 1).

By combining the data from SuperKamiokande and its own
experiment, the SNO collaboration determined how many
muon neutrinos or tau neutrinos were incident at the Japan-
ese detector. The SNO results also provided further evidence
for neutrino mass and confirmed that the total number of
neutrinos from the Sun agreed with theoretical calculations.

The implications of neutrino mass are so great that it is 
not surprising that particle physicists had been searching 
for direct evidence of its existence for over four decades. In
retrospect, it is easy to understand why these searches were
unsuccessful (figure 3). Since neutrinos travel at relativistic
speeds, the effect of their mass is so tiny that it cannot be
determined kinematically. Rather than search for neutrino
mass directly, experiments such as SuperKamiokande and
SNO have searched for effects that depend on the difference in
mass between one type of neutrino and another.

In some respects these experiments are analogous to inter-
ferometers, which are sensitive to tiny differences in frequency
between two interfering waves. Since a quantum particle can
be thought of as a wave with a frequency given by its energy
divided by Planck’s constant, interferometry can detect tiny
mass differences because the energy and frequency of the
particles depend on their mass.

Interferometry works in the case of neutrinos thanks to the
fact that the neutrinos created in nuclear reactions are actu-
ally mixtures of two different “mass eigenstates”. This means,
for example, that electron neutrinos slowly transform into 
tau neutrinos and back again. The amount of this “mixing” is

quantified by a mixing angle, θ. We can only detect interfer-
ence between two eigenstates with small mass differences if
the mixing angle is large enough. Although current experi-
ments have been unable to pin down the mass difference and
mixing angle, they have narrowed down the range of possi-
bilities (figure 4).

Implications of neutrino mass
Now that neutrinos do appear to have mass, we have to solve
two problems. The first is to overcome the contradiction be-
tween left-handedness and mass. The second is to understand
why the neutrino mass is so small compared with other parti-
cle masses – indeed, direct measurements indicate that elec-
trons are at least 500 000 times more massive than neutrinos.
When we thought that neutrinos did not have mass, these
problems were not an issue. But the tiny mass is a puzzle, and
there must be some deep reason why this is the case.

Basically, there are two ways to extend the Standard Model
in order to make neutrinos massive. One approach involves
new particles called Dirac neutrinos, while the other ap-
proach involves a completely different type of particle called
the Majorana neutrino.

The Dirac neutrino is a simple idea with a serious flaw. Ac-
cording to this approach, the reason that right-handed neut-
rinos have escaped detection so far is that their interactions are
at least 26 orders of magnitude weaker than ordinary neut-
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(a) According to the Higgs mechanism in the Standard Model, particles in the
vacuum acquire mass as they collide with the Higgs boson. Photons (γ) are
massless because they do not interact with the Higgs boson. All particles,
including electrons (e), muons (µ) and top quarks (t), change handedness
when they collide with the Higgs boson; left-handed particles become 
right-handed and vice versa. Experiments have shown that neutrinos (ν) are
always left-handed. Since right-handed neutrinos do not exist in the Standard
Model, the theory predicts that neutrinos can never acquire mass. (b) In one
extension to the Standard Model, left- and right-handed neutrinos exist.
These Dirac neutrinos acquire mass via the Higgs mechanism but 
right-handed neutrinos interact much more weakly than any other particles.
(c) According to another extension of the Standard Model, extremely heavy
right-handed neutrinos are created for a brief moment before they collide with
the Higgs boson to produce light left-handed Majorana neutrinos.
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rinos. The idea of the Dirac neutrino works in the sense that
we can generate neutrino masses via the Higgs mechanism
(figure 2b). However, it also suggests that neutrinos should have
similar masses to the other particles in the Standard Model. To
avoid this problem, we have to make the strength of neutrino
interactions with the Higgs boson at least 1012 times weaker
than that of the top quark. Few physicists accept such a tiny
number as a fundamental constant of nature.

An alternative way to make right-handed neutrinos ex-
tremely weakly interacting was proposed in 1998 by Nima
Arkani-Hamed at the Stanford Linear Accelerator Center,
Savas Dimopoulous of Stanford University, Gia Dvali of the
International Centre for Theoretical Physics in Trieste and
John March-Russell of CERN. They exploited an idea from
superstring theory in which the three dimensions of space
with which we are familiar are embedded in 10- or 11-dimen-
sional space–time. Like us, all the particles of the Standard
Model – electrons, quarks, left-handed neutrinos, the Higgs
boson and so on – are stuck on a three-dimensional “sheet”
called a three-brane.

One special property of right-handed neutrinos is that they
do not feel the electromagnetic force, or the strong and weak
forces. Arkani-Hamed and collaborators argued that right-
handed neutrinos are not trapped on the three-brane in the
same way that we are, rather they can move in the extra
dimensions. This mechanism explains why we have never
observed a right-handed neutrino and why their interactions
with other particles in the Standard Model are extremely
weak. The upshot of this approach is that neutrino masses
can be very small.

The second way to extend the Standard Model involves
particles that are called Majorana neutrinos. One advantage
of this approach is that we no longer have to invoke right-
handed neutrinos with extremely weak interactions. How-
ever, we do have to give up the fundamental distinction
between matter and antimatter. Although this sounds bizarre,
neutrinos and antineutrinos can be identical because they
have no electric charge.

Massive neutrinos sit naturally within this framework.
Recall the observer travelling at the speed of light who over-
takes a left-handed neutrino and sees a right-handed neut-
rino. Earlier we argued that the absence of right-handed
neutrinos means that neutrinos are massless. But if neutrinos
and antineutrinos are the same particle, then we can argue
that the observer really sees a right-handed antineutrino and
that the massive-neutrino hypothesis is therefore sound.

So how is neutrino mass generated? In this scheme, it is
possible for right-handed neutrinos to have a mass of their
own without relying on the Higgs boson. Unlike other quarks
and leptons, the mass of the right-handed neutrino, M, is not
tied to the mass scale of the Higgs boson. Rather, it can be
much heavier than other particles.

When a left-handed neutrino collides with the Higgs boson,
it acquires a mass, m, which is comparable to the mass of
other quarks and leptons. At the same time it transforms into
a right-handed neutrino, which is much heavier than energy
conservation would normally allow (figure 2c). However, the
Heisenberg uncertainty principle allows this state to exist for a
short time interval, ∆t, given by ∆t ~ h!/Mc2, after which the
particle transforms back into a left-handed neutrino with
mass m by colliding with the Higgs boson again. Put simply,
we can think of the neutrino as having an average mass of
m2/M over time.

This so-called seesaw mechanism can naturally give rise to
light neutrinos with normal-strength interactions. Normally
we would worry that neutrinos with a mass, m, that is similar
to the masses of quarks and leptons would be too heavy. How-
ever, we can still obtain light neutrinos if M is much larger
than the typical masses of quarks and leptons. Right-handed
neutrinos must therefore be very heavy, as predicted by grand-
unified theories that aim to combine electromagnetism with
the strong and weak interactions.

Current experiments suggest that these forces were unified
when the universe was about 10–32 m across. Due to the un-
certainty principle, the particles that were produced in such
small confines had a high momentum and thus a large mass.
It turns out that the distance scale of unification gives right-
handed neutrinos sufficient mass to produce light neutrinos
via the seesaw mechanism. In this way, the light neutrinos that
we observe in experiments can therefore probe new physics at
extremely short distances. Among the physics that neutrinos
could put on a firm footing is the theory of supersymmetry,
which theorists believe is needed to make unification happen
and to make the Higgs mechanism consistent down to such
short distance scales.

Why do we exist?
Abandoning the fundamental distinction between matter and
antimatter means that the two states can convert to each
other. It may also solve one of the biggest mysteries of our uni-
verse: where has all the antimatter gone? After the Big Bang,
the universe was filled with equal amounts of matter and anti-
matter, which annihilated as the universe cooled. However,
roughly one in every 10 billion particles of matter survived
and went on to create stars, galaxies and life on Earth. What
created this tiny excess of matter over antimatter so that we
can exist?

With Majorana neutrinos it is possible to explain what
caused the excess matter. The hot Big Bang produced heavy
right-handed neutrinos that eventually decayed into their
lighter left-handed counterparts. As the universe cooled, there
was insufficient energy to produce further massive neutrinos.
Being an antiparticle in its own right, these Majorana neut-
rinos decayed into left-handed neutrinos or right-handed
antineutrinos together with Higgs bosons, which underwent
further decays into heavy quarks. Even slight differences in the
probabilities of the decays into matter and antimatter would
have left the universe with an excess of matter.
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A comparison of the masses of all the fundamental fermions, particles with
spin h!/2. Other than the neutrino, the lightest fermion is the electron, with a
mass of 0.5 MeV c–2. Neutrino-oscillation experiments do not measure the
mass of neutrinos directly, rather the mass difference between the different
types of neutrino. But by assuming that neutrino masses are similar to this
mass difference, we can place upper limits on the mass of a few hundred
millielectron-volts.
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The observation of neutrinoless ββ decay ∼ implies neutrino mass

(Valle & Schecter “black box” ν mass mechanism)
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←

←
←

light
states

←

←

←
light
states

normal hierarchy inverted hierarchy

We have learned a lot about about the pattern of the light masses from the solar,  
atmospheric, reactor, and accelerator experiments - but two hierarchies remain

                               

�m
atmos

�m
atmos

�m
solar

�m
solar

2

2

2

2



solar

atmospheric

←

←
←

light
states

←

←

←
light
states

←

←

gap is 
constrained

by lab 
experiments

and 
by cosmology

solar

atmospheric

normal hierarchy inverted hierarchy quasi-degenerate

We also do not know the absolute scale of the masses

Oscillations measure mass differences                            , 
The absolute scale is not fixed

how do we measure absolute masses?

�m2
21 = �m2

solar

�m2
31 = �m2

atmos



Cosmology limits the
quasi-degenerate case

ν’s start off relativistic in 
the early universe, where 
they suppress the growth
of structure on large
scales

Transition to 
nonrelativistic

Effects scale and redshift
dependent

Current limits (Planck2015)
1

3

X

i

mi . 80 meV



1.1

Neutrino mixing status: θ12, θ23
⎛

⎜⎜⎝

νe

νμ

ντ

⎞

⎟⎟⎠=

⎛

⎜⎜⎝

c12c13 s12c13 s13e−iδ

−s12c23− c12s23s13eiδ c12c23− s12s23s13eiδ s23c13
s12s23− c12c23s13eiδ −c12s23− s12c23s13eiδ c23c13

⎞

⎟⎟⎠

⎛

⎜⎜⎝

ν1

eiφ1ν2
eiφ2ν3

⎞

⎟⎟⎠

=

⎛

⎜⎜⎝

1

c23 s23
−s23 c23

⎞

⎟⎟⎠

⎛

⎜⎜⎝

c13 s13e−iδ

1

−s13eiδ c13

⎞

⎟⎟⎠

⎛

⎜⎜⎝

c12 s12
−s12 c12

1

⎞

⎟⎟⎠

⎛

⎜⎜⎝

ν1

ν2

ν3

⎞

⎟⎟⎠

atmospheric νe disappearance solar
results: θ23 ∼ 45◦ sinθ13 ≤ 0.17 θ12 ∼ 30◦
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We have learned a lot about mixing angles:                    

Atmospheric       Reactor (Daya Bay/Reno/Double Chooz)      Solar

sin2 ✓23 =

(
0.386+0.024

�0.021, NH

0.392+0.039
�0.022 IH

sin2 ✓23 ) (3�)

(
0.331 $ 0.637, NH

0.335 $ 0.663 IH

sin2 ✓13 =

( 0.0241± 0.0025, NH

0.0244+0.0023
�0.0025, IH

sin2 ✓12 = 0.307+0.018
�0.016

Bari global analysis
(Valencia quite similar)

undetermined : �; �1,�2



Or graphically:                

12

νe [|Uei|2] νµ[|Uµi|2] ντ [|Uτi|2]

Normal Inverted

ν1

ν2

ν3

(Mass)2

ν3

ν1

ν2

or

sin2θ13

sin2θ13

The spectrum, showing its approximate flavor content, is

�12 |�23| sign[�23] absolute scale

�m2
31 =

8
<

:

(2.470.06�0.10)⇥ 10�3eV2, NH

�
�
2.37+0.07

0.11

�
⇥ 10�3eV2, IH

�m2
21 = 7.54+0.26

�0.22 ⇥ 10�5eV2

Bari global analysis
(Valencia quite similar)



Plugging in the measured ν mass matrix parameters

NH: 

IH:

QD: 

hm��i ⇠
����
q
�m2

21 s212c
2
13 +

q
|�m2

31| s213ei�
���� ⇠ |4.8 + 1.2ei�| meV

hm��i ⇠
q

|�m2
31| c213

q
1� sin2 2✓12 sin

2 � = [19 $ 49] meV

hm��i ⇠ m0

���c212c213ei� + s212c
2
13e

i�0
+ s213

��� ⇠ m0(0.68± 0.32)
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Current-generation
timelines for project

construction and running

From NSAC Subcommittee 
on 0ν ββ decay

‘Demonstrator’ Experiments



      GERDA I, Gran Sasso; Majorana, SL 
  
                      GERDA I  76Ge,  21.6kg-y 

                       τ1/2 > 2.1 × 1025y  90% c.l.

                                                                              EXO-200,  WIPP

                                                                      136Xe, 99.8 kg-y

                                                                       τ1/2 > 1.1 × 1025y  90% c.l.

                        KamLAND-Zen, Kamioka

                                       136Xe, 89.5 kg-y

                        τ1/2 > 1.9 × 1025y  90% c.l.
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NEUTRINO: MEASURING
THE UNEXPECTED.

 

 

 

 

 

July 2013: J.J. Gómez
Cadenas got the ERC
Advanced Grant for NEXT

Starting from March 2013,
NEXT is a Recognized
Experiment at CERN!
 

Links
Report from LSC - Nov 2014

Report to the Nuclear Science Advisory
Committee - May 2014

Report from LSC - Nov 2013

                      CUORE-0/Cuoricino, Gran Sasso 
  
                                                 130Te,  29.6kg-y 

                                  τ1/2 > 4.0 × 1024y  90% c.l.

                                                                            
                                                                                       NEXT, Canfranc Laboratory

                                                                              Gaseous 136Xe TPC , final state i.d.

                                                        

                       
                                        SNO+, SNOLab

       130Te-loaded scintillator, to begin in 2016 

                      



GERDA + other Ge:     τ1/2 > 3.0 × 1025y  90% c.l.

The benchmarks

1. where we are now



The benchmarks

2.  where the demonstrator experiments will take us

5-year  ‘demonstrator’ experiments:  ∼1.6 ×1026 y to reach 200 meV   



The benchmarks

3.  probe the inverted hierarchy mass band of  19-49 meV 

ton+ experiments reaching 1028 y after a decade of running
   



Future: One-ton Experiments  2017→  Probing the IH     

Krishna S. Kumar EXO-200 and nEXO

nEXO: Multi-Ton Next Phase

52

• 5 tonne LXe TPC “as similar to EXO-200 as possible”
• Entirely cover the inverted heirarchy
• Provide access ports for a possible later upgrade to Ba tagging

~1
50

cm

~40cm

nEXO in the SNOlab 
Cryopit with Xe and HFE 
Systems on Lower Level

~40cm

ongoing R&D towards 
conceptual design

Majorana and GERDA joint effort (using 
the best ‘demonstrator’ technology) a 1-
ton enriched 76Ge detector

EXO ⇾ nEXO at the 1-ton 
and then 5-ton level

desirable attributes:  excellent resolution, nearly free of backgrounds,
                                  feasible costs, final-state tagging, scalability ...



Rates depend on matrix elements for complex, heavy nuclei

▫ the ground-state-to-ground-state transitions exhaust a tiny fraction of
   the underlying spin-spin sum rule ∼ 0.1%   

▫ results depend both on the quality of nuclear calculation, but also on 
   phenomenological corrections that must be introduced to account for
   missing physics, such as absent high-momentum degrees of freedom,
   poorly understood operator renormalizations, etc

M0⌫
F ⇠ h0+f ||

1

2

AX

i,j=1

⌧+(i)⌧+(j)F (rij)||0+i i

M0⌫
GT ⇠ h0+f ||

1

2

AX

i,j=1

~�(i) · ~�(j)⌧+(i)⌧+(j)G(rij)||0+i i

Nuclear Physics: why us (theorists), why now 

all model-based … can we do better?  
this is the workshop’s purpose



▫ we produce a wave function, say, in a shell model:  what precisely
   is its relationship to the true wave function?  If we cannot answer
   this question in a precise mathematical way, should we worry?  

▫ our answers depend on parameter choices:  how can this be?

▫ our wave functions are normalized to 1 and are orthogonal.  As
   they must be low-momentum projections of the true wave functions,
   how can this possibly be?

▫ we construct an NN potential by inverting phase shifts:  the detailed
   information in those phase shifts comes from their sharp energy 
   dependence  
         — yet our nuclear effective interactions are energy independent
         — isn’t nature analytically continuous in E?  Shouldn’t reaction
              channels and bound state channels have the same 
              properties?  Shouldn’t they be aspects of one theory?

Some straightforward questions about NP seem to lack crisp answers



▫ the NN potential we so derive is awful:  singular, nonperturbative
        — impossibly difficult to renormalize rigorously for SM-like work
        — why the two-step?  what is this necessary?  why not
             QCD -> many-body space directly?? 

▫ TRIUMF, RIKEN, MSU, … have built/are building new facilities to
   manufacture rare isotopes, to probe toward the drip line
          — is this nuclei collecting, like butterfly collecting?
          — or is there something special about all of NP that we can
               learn by studying the limit of weak binding?

Can we re-engineer our approach to nuclear physics?

Deconstruct and reconstruct:  take all of the existing parts, 
                                                hook them up differently,
                                                to see if a better theory exists



 

QCD

NN potential

Heff

From a modern perspective (ET) , NP is weird



 

QCD

NN potential
e.g. Av18

Heff

QCD

Heff

A true 
nonrelativistic

ET



Full Theory:                                                      Effective Theory:

H| i = E| i PHe↵P | i = EP | i

what do we choose for P?

translational invariance:   two choices

discrete (so we can NP numerical technology):   the harmonic oscillator
                                                                                      (compact)

What is an effective theory?

P +Q = 1

| i = P | i+Q| i



The Requires One to Understanding the Functional Form of the Heff

□  Nuclear ground states are a compromise between the UV and the IR: 
    kinetic energy is minimized by delocalization; potential by localizing
    at the strong interaction scale

□  This is the essential physics of the ET:  corrections due to omitted IR
    and UV physics are roughly comparable in importance

 

Distance

Energy

PQ1 (UV) Q2 (IR)

(large-scale
direct diagonalization)



 

Distance

PQ1 (UV) Q2 (IR)

Coupling between P and
Q2 is via the K.E. 
operator

        connects 
neighboring shells

this means small energy
denominators, highly 
energy  dependent 
corrections

must be treated - but 
can be quasi-analytically

~r2

(large-scale
direct diagonalization)



 

Distance

PQ1 (UV) Q2 (IR)

Coupling between P
and Q2 is via
short-range strong
interactions

Large energy 
denominators: 
energy
independent
corrections

Can be treated by
a standard short
range expansion

(large-scale
direct diagonalization)



With!!"!summed!to!all!orders,!shrinking!
the!harmonic!oscillator!length!scale!enables!
the!capture!of!the!important!part!of!V!with!
no!contact!gradient!terms!in!a!very!small!
basis.!!!We!can!see!this!in!the!prediction!of!
the!Deuteron!binding!energy!from!the!P@
space!effective!Hamiltonian.!!!The!upper!
green!lines!show!the!predicted!binding!
energy!in!different!sized!P!spaces!where!we!
simply!take!matrix!elements!of!the!
Hamiltonian!T+V.!!In!contrast,!the!lower!
blue!lines!show!the!effect!of!completely!
summing!the!contribution!of!scattering!by!
!",!yielding!quite!accurate!predictions!of!
the!Deuteron!binding!energy.!

!
!

Fitting&to&Continuum&Scattering&Phase&Shifts&
The!prior!work!on!HOBET!shows!its!power,!but!does!rely!on!the!existence!of!a!known!
potential.!!!!In!experiment!and!in!lattice!QCD!calculations,!the!relevant!measurable!
quantities!are!the!partial!wave!phase!shifts.!!!!!We!need!a!way!to!derive!the!interaction!
directly!from!continuum!phase!shifts.!
!
The!key!to!fitting!to!phase!shifts!is!to!realize!that!the!operator!!/ ! − !! !is!not!unique.!!!!
Unlike!the!negative!energy!case,!there!is!a!free!choice!of!boundary!condition!at!infinity.!!!The!
choice!corresponds!to!the!phase!shift!implied!by!a!real!periodic!wave!function!at!infinity.!!!!
This!correspondence!can!be!seen!by!first!decomposing!the!operator.!!!

! E
E −QT

P = 1
E −T

P 1
E −T

P⎧
⎨
⎩

⎫
⎬
⎭

−1

P !!

The!sub@expression!in!braces!is!simply!a!matrix!in!the!P@space.!!The!locations!of!asymptotic!
zeros!produced!when!this!operator!is!applied!to!an!edge!state!are!controlled!by!the!
operator!in!front,!1/ ! − ! .!!This!operator!can!be!implemented!as!a!Green’s!function,!
mating!an!inner!and!outer!solution!of! ! − ! ! = 0.!!The!inner!solution!must!go!to!0!at!r=0,!
and!the!outer!solution!naturally!becomes!a!linear!combination!of!sin !" !and!cos !" !at!
large!r.!!!The!combination!is!chosen!to!match!the!desired!phase!shift.!!!Having!done!so,!we!
see!that!the!resulting!transformed!edge!state!wavefunction!matches!the!untransformed!one!
at!small!r,!but!at!large!r!has!the!desired!periodic!behavior!and!phase!shift.!!In!the!diagram!to!
below!the!transformed!edge!state!was!scaled!to!match!the!edge!state!at!r=0!for!comparison.!

Simple example:  the deuteron with av18 potential
standard C.I. approach requires ∼100       to achieve 1 keV accuracy~!

work done by C.-L. Song, Tom Luu   

3S1 channel



With!!"!summed!to!all!orders,!shrinking!
the!harmonic!oscillator!length!scale!enables!
the!capture!of!the!important!part!of!V!with!
no!contact!gradient!terms!in!a!very!small!
basis.!!!We!can!see!this!in!the!prediction!of!
the!Deuteron!binding!energy!from!the!P@
space!effective!Hamiltonian.!!!The!upper!
green!lines!show!the!predicted!binding!
energy!in!different!sized!P!spaces!where!we!
simply!take!matrix!elements!of!the!
Hamiltonian!T+V.!!In!contrast,!the!lower!
blue!lines!show!the!effect!of!completely!
summing!the!contribution!of!scattering!by!
!",!yielding!quite!accurate!predictions!of!
the!Deuteron!binding!energy.!

!
!

Fitting&to&Continuum&Scattering&Phase&Shifts&
The!prior!work!on!HOBET!shows!its!power,!but!does!rely!on!the!existence!of!a!known!
potential.!!!!In!experiment!and!in!lattice!QCD!calculations,!the!relevant!measurable!
quantities!are!the!partial!wave!phase!shifts.!!!!!We!need!a!way!to!derive!the!interaction!
directly!from!continuum!phase!shifts.!
!
The!key!to!fitting!to!phase!shifts!is!to!realize!that!the!operator!!/ ! − !! !is!not!unique.!!!!
Unlike!the!negative!energy!case,!there!is!a!free!choice!of!boundary!condition!at!infinity.!!!The!
choice!corresponds!to!the!phase!shift!implied!by!a!real!periodic!wave!function!at!infinity.!!!!
This!correspondence!can!be!seen!by!first!decomposing!the!operator.!!!

! E
E −QT

P = 1
E −T

P 1
E −T

P⎧
⎨
⎩

⎫
⎬
⎭

−1

P !!
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zeros!produced!when!this!operator!is!applied!to!an!edge!state!are!controlled!by!the!
operator!in!front,!1/ ! − ! .!!This!operator!can!be!implemented!as!a!Green’s!function,!
mating!an!inner!and!outer!solution!of! ! − ! ! = 0.!!The!inner!solution!must!go!to!0!at!r=0,!
and!the!outer!solution!naturally!becomes!a!linear!combination!of!sin !" !and!cos !" !at!
large!r.!!!The!combination!is!chosen!to!match!the!desired!phase!shift.!!!Having!done!so,!we!
see!that!the!resulting!transformed!edge!state!wavefunction!matches!the!untransformed!one!
at!small!r,!but!at!large!r!has!the!desired!periodic!behavior!and!phase!shift.!!In!the!diagram!to!
below!the!transformed!edge!state!was!scaled!to!match!the!edge!state!at!r=0!for!comparison.!

add HOBET’s infrared summation

3S1 channel
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The!key!to!fitting!to!phase!shifts!is!to!realize!that!the!operator!!/ ! − !! !is!not!unique.!!!!
Unlike!the!negative!energy!case,!there!is!a!free!choice!of!boundary!condition!at!infinity.!!!The!
choice!corresponds!to!the!phase!shift!implied!by!a!real!periodic!wave!function!at!infinity.!!!!
This!correspondence!can!be!seen!by!first!decomposing!the!operator.!!!
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Fig. 1. Hierarchy of nuclear forces in ChPT. Solid lines represent nucleons and dashed lines pions. Small dots, large solid dots, solid squares, and solid
diamonds denote vertices of index � = 0, 1, 2, and 4, respectively. Further explanations are given in the text.

forces (4NF) start at this order. Since the leading 4NF come into existence one order higher than the leading 3NF, 4NF are
weaker than 3NF. Thus, ChPT provides a straightforward explanation for the empirically known fact that 2NF� 3NF� 4NF
. . . .

4. Two-nucleon interactions

The last section was just an overview. In this section, we will fill in all the details involved in the ChPT development of
the NN interaction; and 3NF and 4NF will be discussed in Section 5. We start by talking about the various pion-exchange
contributions.

4.1. Pion-exchange contributions in ChPT

Based upon the effective pion Lagrangians of Section 2.2, we will now derive the pion-exchange contributions to the NN
interaction order by order.

As noted before, there are infinitely many pion-exchange contributions to the NN interaction and, thus, we need to get
organized. First, we arrange the various pion-exchange contributions according to the number of pions being exchanged
between the two nucleons:

V⇡ = V1⇡ + V2⇡ + V3⇡ + · · · , (4.1)
where the meaning of the subscripts is obvious and the ellipsis represents 4⇡ and higher pion exchanges. Second, for each
of the above terms, we assume a low-momentum expansion:

V1⇡ = V (0)
1⇡ + V (2)

1⇡ + V (3)
1⇡ + V (4)

1⇡ + · · · (4.2)

V2⇡ = V (2)
2⇡ + V (3)

2⇡ + V (4)
2⇡ + · · · (4.3)

V3⇡ = V (4)
3⇡ + · · · , (4.4)

where the superscript denotes the order ⌫ and the ellipses stand for contributions of fifth and higher orders. Due to parity
and time reversal, there are no first order contributions. Moreover, since n pions create L = n � 1 loops, the leading order
for n-pion exchange occurs at ⌫ = 2n � 2 [cf. Eq. (3.5)].

In the following subsections, we will discuss V1⇡ , V2⇡ , and V3⇡ , one by one and order by order.

Interactions that involve
QVQ

when the omitted physics
is

Q(V+T)Q 
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FIG. 2: Left: the HOBETII-chiral expansion, which correctly treats the harmonic oscillation cuto↵ in ⇤ (the number of oscillator
quanta in P ), a definition of P that is required to preserve translational invariance. This leads to important corrections in
both the infrared and ultraviolet, as indicated. The short-range contributions to the e↵ective interaction, isolated by using
the Haxton/Luu rearrangement of the Bloch-Horowitz equation, are treated in a highly convergent contact-gradient expansion.
The terms in the e↵ective interaction are evaluated between infrared-corrected asymptotic states. This provides a direct
connection to experimental phase shifts, and leads to the method described herein for determining values of the LEC’s, the
coe�cients of the contract-gradient expansion. The use of PV⇡P , which is then iterated to all orders in P in the solution
of the Schroedinger equation, improves convergence by limiting the missing strong interaction physics to that of short range.
Right: The standard chiral expansion, which is not appropriate for nuclear physics calculations in a translationally invariant
HO basis. There is no infrared correction, despite the enhanced infrared e↵ects in the harmonic oscillator arising from the
kinetic energy operator, which couples P strongly to the nearest same-parity shell in Q. Diagrams appear in which a single
nucleon is excited to Q, when the correct division of the spaces depends on total quanta in a Slater deterninant, not the quanta
carried by individual nucleons. The chiral momentum cuto↵ is not consistent with the HO quantal (energy) cuto↵, as the HO
Q contains low-momentum excitations, while the HO P includes configurations that range over all momentum scales.

VII. HOBET PROPERTIES AND POWER COUNTING

The HOBET e↵ective interaction is depicted in Fig. 2.. In HOBETI [? ? ] the validity and convergence of the
HOBET expansion was established by solving the e↵ective interactions problem for A=2 and 3 numerically, without
approximations. The “I” designation in HOBETI denotes a calculation in which knowledge of NN phase shifts is
supplied through a high-momentum potential, which is then renormalized by integrating out all contributions in Q.
This was done in HOBETI for the bound-state problem: the interactions to be removed are not V � PV P but rather
H � PHP , which generates an interesting interplay between infrared and ultraviolate corrections residing in Q. The
numerical results were then shown to follow from the Haxton/Luu decomposition of the Bloch-Horowitz equation.
That decomposition reflects a simple requirement of short-range e↵ective theories – though one almost universally
ignored in nuclear physics calculations using finite, compact Hilbert spaces – that no such theory can succeed if the
proper infrared behavior has not been built in. In the Haxton/Luu decomposition this behavior is enforced through
the asymptotic Lee-Suzuki operator, E/E � QT , which generates the infrared solution from P | i. Here this Green’s
function procedure has been generalized to continuum states, where the asymptotic Green’s function depends not
only on E > 0, but also �(E). As we have seen, HOBET’s treatment of bound and continuum states is seamless:
there is a single theory, analytically continuous in E.

It is our view that most conventional approaches to this problem are phenomenological schemes to replace H = T +V
by P (T + V eff )P . Any such form is bound to fail for compact Hilbert spaces because of its flawed infrared behavior:
we have already seen that the infrared correction are o(1). When the parameters in V eff are adjusted, very good
representations of spectra can be achieved. The parameters include not only those explicit in V eff , but also those
involved in defining P , such as the oscillator parameter b and ⇤. Thus results are optimized for a “best” b and improve
as ⇤ is increased – behavior not consistent with an e↵ective theory, where results are required to be independent of the
choice of the low-energy Hilbert space. Despite phenomenological success in reproducing eigenvalues, such approaches
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organized. First, we arrange the various pion-exchange contributions according to the number of pions being exchanged
between the two nucleons:

V⇡ = V1⇡ + V2⇡ + V3⇡ + · · · , (4.1)
where the meaning of the subscripts is obvious and the ellipsis represents 4⇡ and higher pion exchanges. Second, for each
of the above terms, we assume a low-momentum expansion:

V1⇡ = V (0)
1⇡ + V (2)

1⇡ + V (3)
1⇡ + V (4)

1⇡ + · · · (4.2)

V2⇡ = V (2)
2⇡ + V (3)

2⇡ + V (4)
2⇡ + · · · (4.3)

V3⇡ = V (4)
3⇡ + · · · , (4.4)

where the superscript denotes the order ⌫ and the ellipses stand for contributions of fifth and higher orders. Due to parity
and time reversal, there are no first order contributions. Moreover, since n pions create L = n � 1 loops, the leading order
for n-pion exchange occurs at ⌫ = 2n � 2 [cf. Eq. (3.5)].

In the following subsections, we will discuss V1⇡ , V2⇡ , and V3⇡ , one by one and order by order.
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weaker than 3NF. Thus, ChPT provides a straightforward explanation for the empirically known fact that 2NF� 3NF� 4NF
. . . .

4. Two-nucleon interactions

The last section was just an overview. In this section, we will fill in all the details involved in the ChPT development of
the NN interaction; and 3NF and 4NF will be discussed in Section 5. We start by talking about the various pion-exchange
contributions.

4.1. Pion-exchange contributions in ChPT

Based upon the effective pion Lagrangians of Section 2.2, we will now derive the pion-exchange contributions to the NN
interaction order by order.

As noted before, there are infinitely many pion-exchange contributions to the NN interaction and, thus, we need to get
organized. First, we arrange the various pion-exchange contributions according to the number of pions being exchanged
between the two nucleons:

V⇡ = V1⇡ + V2⇡ + V3⇡ + · · · , (4.1)
where the meaning of the subscripts is obvious and the ellipsis represents 4⇡ and higher pion exchanges. Second, for each
of the above terms, we assume a low-momentum expansion:

V1⇡ = V (0)
1⇡ + V (2)

1⇡ + V (3)
1⇡ + V (4)

1⇡ + · · · (4.2)

V2⇡ = V (2)
2⇡ + V (3)

2⇡ + V (4)
2⇡ + · · · (4.3)

V3⇡ = V (4)
3⇡ + · · · , (4.4)

where the superscript denotes the order ⌫ and the ellipses stand for contributions of fifth and higher orders. Due to parity
and time reversal, there are no first order contributions. Moreover, since n pions create L = n � 1 loops, the leading order
for n-pion exchange occurs at ⌫ = 2n � 2 [cf. Eq. (3.5)].

In the following subsections, we will discuss V1⇡ , V2⇡ , and V3⇡ , one by one and order by order.

Interactions that involve
QVQ

when the omitted physics
is

Q(V+T)Q 

FIG. 2: Left: the HOBETII-chiral expansion, which correctly treats the harmonic oscillation cuto↵ in ⇤ (the number of oscillator
quanta in P ), a definition of P that is required to preserve translational invariance. This leads to important corrections in
both the infrared and ultraviolet, as indicated. The short-range contributions to the e↵ective interaction, isolated by using
the Haxton/Luu rearrangement of the Bloch-Horowitz equation, are treated in a highly convergent contact-gradient expansion.
The terms in the e↵ective interaction are evaluated between infrared-corrected asymptotic states. This provides a direct
connection to experimental phase shifts, and leads to the method described herein for determining values of the LEC’s, the
coe�cients of the contract-gradient expansion. The use of PV⇡P , which is then iterated to all orders in P in the solution
of the Schroedinger equation, improves convergence by limiting the missing strong interaction physics to that of short range.
Right: The standard chiral expansion, which is not appropriate for nuclear physics calculations in a translationally invariant
HO basis. There is no infrared correction, despite the enhanced infrared e↵ects in the harmonic oscillator arising from the
kinetic energy operator, which couples P strongly to the nearest same-parity shell in Q. Diagrams appear in which a single
nucleon is excited to Q, when the correct division of the spaces depends on total quanta in a Slater deterninant, not the quanta
carried by individual nucleons. The chiral momentum cuto↵ is not consistent with the HO quantal (energy) cuto↵, as the HO
Q contains low-momentum excitations, while the HO P includes configurations that range over all momentum scales.

VII. HOBET PROPERTIES AND POWER COUNTING

The HOBET e↵ective interaction is depicted in Fig. 2.. In HOBETI [? ? ] the validity and convergence of the
HOBET expansion was established by solving the e↵ective interactions problem for A=2 and 3 numerically, without
approximations. The “I” designation in HOBETI denotes a calculation in which knowledge of NN phase shifts is
supplied through a high-momentum potential, which is then renormalized by integrating out all contributions in Q.
This was done in HOBETI for the bound-state problem: the interactions to be removed are not V � PV P but rather
H � PHP , which generates an interesting interplay between infrared and ultraviolate corrections residing in Q. The
numerical results were then shown to follow from the Haxton/Luu decomposition of the Bloch-Horowitz equation.
That decomposition reflects a simple requirement of short-range e↵ective theories – though one almost universally
ignored in nuclear physics calculations using finite, compact Hilbert spaces – that no such theory can succeed if the
proper infrared behavior has not been built in. In the Haxton/Luu decomposition this behavior is enforced through
the asymptotic Lee-Suzuki operator, E/E � QT , which generates the infrared solution from P | i. Here this Green’s
function procedure has been generalized to continuum states, where the asymptotic Green’s function depends not
only on E > 0, but also �(E). As we have seen, HOBET’s treatment of bound and continuum states is seamless:
there is a single theory, analytically continuous in E.

It is our view that most conventional approaches to this problem are phenomenological schemes to replace H = T +V
by P (T + V eff )P . Any such form is bound to fail for compact Hilbert spaces because of its flawed infrared behavior:
we have already seen that the infrared correction are o(1). When the parameters in V eff are adjusted, very good
representations of spectra can be achieved. The parameters include not only those explicit in V eff , but also those
involved in defining P , such as the oscillator parameter b and ⇤. Thus results are optimized for a “best” b and improve
as ⇤ is increased – behavior not consistent with an e↵ective theory, where results are required to be independent of the
choice of the low-energy Hilbert space. Despite phenomenological success in reproducing eigenvalues, such approaches
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where the superscript denotes the order ⌫ and the ellipses stand for contributions of fifth and higher orders. Due to parity
and time reversal, there are no first order contributions. Moreover, since n pions create L = n � 1 loops, the leading order
for n-pion exchange occurs at ⌫ = 2n � 2 [cf. Eq. (3.5)].

In the following subsections, we will discuss V1⇡ , V2⇡ , and V3⇡ , one by one and order by order.

Interactions that involve
QVQ

when the omitted physics
is

Q(V+T)Q 

R. Machleidt, D.R. Entem / Physics Reports 503 (2011) 1–75 15

Fig. 1. Hierarchy of nuclear forces in ChPT. Solid lines represent nucleons and dashed lines pions. Small dots, large solid dots, solid squares, and solid
diamonds denote vertices of index � = 0, 1, 2, and 4, respectively. Further explanations are given in the text.

forces (4NF) start at this order. Since the leading 4NF come into existence one order higher than the leading 3NF, 4NF are
weaker than 3NF. Thus, ChPT provides a straightforward explanation for the empirically known fact that 2NF� 3NF� 4NF
. . . .

4. Two-nucleon interactions

The last section was just an overview. In this section, we will fill in all the details involved in the ChPT development of
the NN interaction; and 3NF and 4NF will be discussed in Section 5. We start by talking about the various pion-exchange
contributions.

4.1. Pion-exchange contributions in ChPT

Based upon the effective pion Lagrangians of Section 2.2, we will now derive the pion-exchange contributions to the NN
interaction order by order.

As noted before, there are infinitely many pion-exchange contributions to the NN interaction and, thus, we need to get
organized. First, we arrange the various pion-exchange contributions according to the number of pions being exchanged
between the two nucleons:

V⇡ = V1⇡ + V2⇡ + V3⇡ + · · · , (4.1)
where the meaning of the subscripts is obvious and the ellipsis represents 4⇡ and higher pion exchanges. Second, for each
of the above terms, we assume a low-momentum expansion:

V1⇡ = V (0)
1⇡ + V (2)

1⇡ + V (3)
1⇡ + V (4)

1⇡ + · · · (4.2)

V2⇡ = V (2)
2⇡ + V (3)

2⇡ + V (4)
2⇡ + · · · (4.3)

V3⇡ = V (4)
3⇡ + · · · , (4.4)

where the superscript denotes the order ⌫ and the ellipses stand for contributions of fifth and higher orders. Due to parity
and time reversal, there are no first order contributions. Moreover, since n pions create L = n � 1 loops, the leading order
for n-pion exchange occurs at ⌫ = 2n � 2 [cf. Eq. (3.5)].

In the following subsections, we will discuss V1⇡ , V2⇡ , and V3⇡ , one by one and order by order.

Interactions that involve
QVQ

when the omitted physics
is

Q(V+T)Q 

FIG. 2: Left: the HOBETII-chiral expansion, which correctly treats the harmonic oscillation cuto↵ in ⇤ (the number of oscillator
quanta in P ), a definition of P that is required to preserve translational invariance. This leads to important corrections in
both the infrared and ultraviolet, as indicated. The short-range contributions to the e↵ective interaction, isolated by using
the Haxton/Luu rearrangement of the Bloch-Horowitz equation, are treated in a highly convergent contact-gradient expansion.
The terms in the e↵ective interaction are evaluated between infrared-corrected asymptotic states. This provides a direct
connection to experimental phase shifts, and leads to the method described herein for determining values of the LEC’s, the
coe�cients of the contract-gradient expansion. The use of PV⇡P , which is then iterated to all orders in P in the solution
of the Schroedinger equation, improves convergence by limiting the missing strong interaction physics to that of short range.
Right: The standard chiral expansion, which is not appropriate for nuclear physics calculations in a translationally invariant
HO basis. There is no infrared correction, despite the enhanced infrared e↵ects in the harmonic oscillator arising from the
kinetic energy operator, which couples P strongly to the nearest same-parity shell in Q. Diagrams appear in which a single
nucleon is excited to Q, when the correct division of the spaces depends on total quanta in a Slater deterninant, not the quanta
carried by individual nucleons. The chiral momentum cuto↵ is not consistent with the HO quantal (energy) cuto↵, as the HO
Q contains low-momentum excitations, while the HO P includes configurations that range over all momentum scales.

VII. HOBET PROPERTIES AND POWER COUNTING

The HOBET e↵ective interaction is depicted in Fig. 2.. In HOBETI [? ? ] the validity and convergence of the
HOBET expansion was established by solving the e↵ective interactions problem for A=2 and 3 numerically, without
approximations. The “I” designation in HOBETI denotes a calculation in which knowledge of NN phase shifts is
supplied through a high-momentum potential, which is then renormalized by integrating out all contributions in Q.
This was done in HOBETI for the bound-state problem: the interactions to be removed are not V � PV P but rather
H � PHP , which generates an interesting interplay between infrared and ultraviolate corrections residing in Q. The
numerical results were then shown to follow from the Haxton/Luu decomposition of the Bloch-Horowitz equation.
That decomposition reflects a simple requirement of short-range e↵ective theories – though one almost universally
ignored in nuclear physics calculations using finite, compact Hilbert spaces – that no such theory can succeed if the
proper infrared behavior has not been built in. In the Haxton/Luu decomposition this behavior is enforced through
the asymptotic Lee-Suzuki operator, E/E � QT , which generates the infrared solution from P | i. Here this Green’s
function procedure has been generalized to continuum states, where the asymptotic Green’s function depends not
only on E > 0, but also �(E). As we have seen, HOBET’s treatment of bound and continuum states is seamless:
there is a single theory, analytically continuous in E.

It is our view that most conventional approaches to this problem are phenomenological schemes to replace H = T +V
by P (T + V eff )P . Any such form is bound to fail for compact Hilbert spaces because of its flawed infrared behavior:
we have already seen that the infrared correction are o(1). When the parameters in V eff are adjusted, very good
representations of spectra can be achieved. The parameters include not only those explicit in V eff , but also those
involved in defining P , such as the oscillator parameter b and ⇤. Thus results are optimized for a “best” b and improve
as ⇤ is increased – behavior not consistent with an e↵ective theory, where results are required to be independent of the
choice of the low-energy Hilbert space. Despite phenomenological success in reproducing eigenvalues, such approaches
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Love the energy dependence: it is your best friend

▫ it is a theorem that no short-range effective theory can succeed if 
   one fails to build in the correct IR (long-distance) behavior 

▫ Chiral HOBET is explicitly analytic in E: it is a seamless and exact ET
   of both bound states and reactions

▫ it thus produces the exact restriction of states to the HO, for E<0 & E>0

*  IR Green’s functions for bound states are determined by E
   Thus solving the BH equation self consistently yields eigenvalues

*  Continuum solutions exist at every E>0, while their IR Green’s
   functions depend on E and 

   Pick E,  look up         , diagonalize:  if the eigenvalue fails to = E, the 
   only unused degree of freedom is UV - so pick an aLO.  Repeat … 
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tential. Separately, the phase shifts in that channel were
used to fit the LECs of Heff

P , with P including the first
4 harmonic oscillator states in the 1P1 channel. Heff

will have a matching eigenvalue and eigenvector at every
continuum energy, defining the restricted wave function
. Figure (4) shows that the projected numerical solution
and the eigenvectors ofHeff generate the same restricted
wave functions to high accuracy.

Projection E=1MeV
ET E=1MeV
Projection E=15MeV
ET E=15MeV
Projection E=35MeV
ET E=35MeV

5 15 r (fm)

-3

-

-1

1

u(r)=rR(r)
1P1 - Projection v.s. Heff NLO Solution

FIG. 4. The projections of the numerical solutions of the rel-
ative wave function match the e↵ective theory wave functions
at 3 selected continuum energies.

The match in projected and e↵ective wave functions is
good even when we set VL(r) = 0 and fit purely based
on the phase shifts. The self consistency error across
the sample points is slightly larger with VL(r) = 0, but
the same result is obtained. For longer range potentials
including a non-zero VL is important for convergence.

The nuclear interaction also includes a tensor interac-
tion, coupling spin triplet states with ` di↵ering by 2.
The S-matrix takes the incoming part of the wave func-
tions in each channel and mixes them to produce the
outgoing wave function in each channel.

S =

 
e2i�̄0 cos 2⌃̄ ei(�̄0+�̄2) sin 2⌃̄

ei(�̄0+�̄2) sin 2⌃̄ e2i�̄2 cos 2⌃̄

!
(13)

As a result, the observed phase shifts are a compli-
cated function of channel amplitudes and relative phase
of the incoming wave functions, producing a di�culty in
constraining GQT . A better strategy is to work in a basis
where the S-matrix is diagonal, motivating the following
parameterization.

O=

✓
cos⌃ � sin⌃
sin⌃ cos⌃

◆
, S=O�1

✓
e2i�0 0
0 e2i�2

◆
O (14)

Using this parameterization we can see two states  0 =
cos⌃ |Si � sin⌃ |Di and  2 = sin⌃ |Si + cos⌃ |Di that
scatter into themselves with both S and D components
having the same phase shift. The mixing angle is also
automatically included in the fit via the mix of S and D

states. Working in these diagonal states, the problem is
reduced to the single channel problem. We build Heff

for both of the diagonal states for the selected fitting
energies.

As a demonstration we pick ⇤ = 10, yielding 5 S-
channel states and 4 D-channel states for the included
P-space. Again, we use the Argonne v18 potential so we
can build a reference numerical solution to test the result.
In contrast to the size of P, the reference numerical result
required a large basis , ⇤ = 200, to achieve convergence
to the known bound state energy of �2.2245MeV .

It should be noted that high level of accuracy was ob-
tained in quite small P spaces. In large part this is due
to the complete sum of scattering by T through the ex-
cluded Q space enabled by the IR correctness of the ef-
fective theory. The remaining short range problem is well
fit by a contact operator expansion.

A “SM” interaction has been constructed directly from phase shifts,  
yielding the exact restriction of the true wave function to P
        information previously encoded in, decoded from an NN potential 

Also, bound state properties are obtained similarly:  from 3S1-3D1 
phase shifts find a deuteron binding energy of -2.2245 MeV

Results are independent of the choices made in defining P

By Ken McElvain



The two-body physics so determined can then be subtracted exactly 
out of the N-body problem (not yet done):

Much left to be done in this “reconstruction” phase, but …

The double beta decay effective interactions problem is essentially
       identical to that just described…

3)  Build the theory of the A-body system:  very pretty

Q

P

P

 Q

P

P

N1+N2 < Λ N1+N2+N3 < Λ

← KE Green’s
     

← P(Veff)P

the A-body problem

long-term goal:  marry exact formalism to the best codes/biggest machines
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Interactions are now  soft 
and finite in number: a 
calculation in an infinite 
Hilbert space has been 

reduced to 
one in a discrete basis

IR propagators


